SOME EXACT SEQUENCES IN COHOMOLOGY THEORY FOR KAHLER MANIFOLDS
ALFRED AEPPLI 1 Φ Introduction* In this note some results announced in [1] concerning exact sequences for Kahler manifolds are proved. The main result is that there exists an exact sequence relating the usual bigraded groups of harmonic forms on a compact Kahler manifold K and an imbedded submanifold L with certain mixed relative cohomology groups of (K, L). These mixed cohomology groups have been introduced by Hodge [6] . Using the results of Hodge the exactness of the given sequence is derived in a straightforward manner. H. Guggenheimer considered in [5] such a sequence too. Finally the exact sequence is applied to deduce some results concerning the imbedding of a complex manifold L in a Kahler manifold K, in particular the following statement is proved: if the imbedding L c K is homology faithful, then b r>s {K) = b r>8 (L) implies b r -kt8 -k (K) = 6 r _ Λiβ _ Λ (L) for k = 0,1, 2, (b r>s = rank of the module of harmonic (r, s)-forms). The paper is organized the following way: § 2 gives the necessary notations and a few known results; § 3 contains the main theorem (Theorem 1) the proof of which is given in § 4; some applications follow in § § 5 and 6, in particular Theorem 2 which implies the foregoing statement on homology faithful imbeddings. 
(cf [2] , [6] ). *: F r s -> F n~s n~r : Hodge-de Rham duality operator which associates to a its (metrically) dual form *#, with the help of a Hermitian metric (of class C°°) on M (cf. [6] and [3] ; ** = (-l)* (a -* ) = (-l)* : F k -*F k ). 8 = -*<Z* = δ' + δ" = -(*d"* + *d'*) (<?' = -*<Γ* resp. δ" = -*d'* is an operator of type (-1, 0) resp. (0, -1)). 
and therefore the following relations hold: [2] , [6] , [4] ) one has (Eckmann-Guggenheimer) , Hy = H^~s,n-r ( re fl ne( j Poincare duality; holds for any compact complex manifold with a Hermitian metric). The de RhamHodge theorem
will be used later on. Here H p is the usual pth cohomology group of M over the field C of the complex numbers and Hi the ordinary pth de Rham cohomology group of M over C. The most important results frequently used in the sequel are the isomorphisms proved by Hodge in [6] : Dually Hy = Hζ;? etc. [6] contains also
The proofs for these isomorphisms and for (6), (7), (8) are strongly related; one applies the decomposition theorem for the forms on a compact Kahler manifold, deduced with the help of (3) and (4) . The considered isomorphisms are induced in a natural way by inclusion {Zy c Zy and so on).
and L = L 2m be compact Kahler manifolds, m < n, and let L be imbedded in K, regularly (and complex analytically) such that there exist coordinates z 19 z 2 , * ,z n in the neighborhood
and i ,i* commute with cί', cZ", F. Clearly the relations (2) hold still in the relative case, so the relative cohomology groups -
ΐ*,ί* are given in the natural way; d\d'\V are explained in (b). In §4 we prove the THEOREM 1. The sequences (9), (10), (11) are exact.
We will treat only (11); the considerations can easily be carried over for to get the analogous results for (9) and (10) 3 . In the sequel, all the occurring sequences of groups and homomorphisms are exact.
(b) To describe the homomorphism 7 in (11) we follow the usual procedure as it can be found e.g. in [7] , p. 192. Every element a e F rs {L) is the trace of an element a e F rs {K), and one has
Applying 7, we get the commutative diagram
Let a e Z; S (L), and let (8) leads to the sequence (11), and in order to prove exactness of (11) it is enough to prove exactness of (13). where h κ , h L are naturally induced isomorphisms (by [6] , cf. (7) and (8)).
(c) H^AK) -^ H;,ί. d . t (L) -Ϊ-+ H^
(a), (b), (c), (d) and (7), (8) imply exactness of (13) and (11). (b) We return to our original assumptions as stated in § 3 (a). We put HI = Σr+.-pfl2> β etc., and (5), (6), (7), (8) imply
H>(K) s H!{K) s HI(K) = H$,(K) ~ Hl.(K) s fliWίΓ) ~ H> ld , td ,.(K)
for a compact Kahler manifold K. Moreover, considering the exact sequences (9), (10) besides those which belong to the de Rham cohomology and to the usual cohomology, we get (
It seems harder to express HSι Ψ (K, L) (in which we are interested because of (11)) by means of known quantities. A formula similar to (14) is certainly not correct for these groups. We have the commutative diagram
Moreover, (15) 
(c) A very simple application of (10") is the following. We have 
In view of (11) the condition (17) 
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